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Dilworth’s famous theorem [ 1 J states that if the maximal sized antichains of a finite poset X 
have n elements, then X can be covered by n chains. The number n is called the width of X. 
Apart from proofs relating the theorem to other key theorems of combinatorics i ee [l-4]), 
there have been a number of direct proofs (see [1,2,5,6]). The shortest of these is the one by 
Perles [S], the outline of which is as follows. 
If there is a maximal sized antichain A that is not the set max (X) (of maximal 
elements of X) or min (X), split X into A with elements above it, and A writh 
elements below it. Each of these sets has fewer elements than X, so one can 
proceed, by induction, find chain decompositions of these and join them together 
on A. If not, construct a chain connecting a minimal element to a maximal one, 
Removing this chain reduces the width of X, and one can again proceed by 
induction. 
It is the purpose of this note to indicate how one can prove the theorem by 
constructing chains individually, To this end, we call a chain C saturated (follow- 
ing Greene and Kleitman 173) if it meets all maximal sized antichains, and 
partially saturated, if every maximal sized antichain that does not meet C contains 
an element greater than ‘all elements of C, The idea of the proof is to extend a
partially saturated chain upwards until it is saturated. Removing the saturated 
chain from X reduces its width, so this procedure will produce the chains of the 
covering successively. 
To prove that the upwards extension ispossible, we use the following observa- 
tion, due to Dilworth [2]: 
If A and B are maximal sized antichains, then so are A A B = min (A U B), 
called the meet of A and B, and A vB = max (A U B), the join of A and B. 
This is proved by noting that the maximal size of A and I3 implies (A v B) n 
(A /\B) = A n B, The operations of join and meet make the set of maximal sized 
antichains into a finite lattice. 
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Lemma. Let C be a partially saturated chain that 
of all maximal sized antichains not intersecting C.
elements of C, C U {a} is also pavtiully saturated. 
is not saturated, and A the meet 
Then if a in A is greater than all 
proof. First note that the existence of a is assured by definition. Let B be a 
maximal sized antichain not intersecting C U {a}. Then by construction A A B = A. 
Now a # B, so a must be comparable to some element b of B ; a > b is impossible 
by a E A A I?, so a < b. Hence B contains an element greater than all the elements 
of CU(a}. 
The following theorem sums up the construction. 
Theown. Any chain obtained by taking an element aI of the meet of all maximal 
sized antichains, and as ai an element of the meet of all maximal sized antichains 
not intersecting (a,, . . . , ai _ ,), such that ai > ai- ), until this can no longer be done, 
will be saturated. 
PM&. By the lemma (starting with the empty chain), all the constructed chains 
are partially saturated. Hence the process can only stop when a saturated chain is 
reached, 
Note that it is sufficient o choose as ai an element above ai-1, minimal among 
those contained in maxima1 sized antichains. Finally one should remark that it is 
possible to produce a saturated chain from P&es’ proof by first dividing X into 
layers L of the same width as X, such that the only maximal sized antichains in L 
are max (L) or min (L) or both. Any chain passing through each max (L) and 
r?in (L) will then be saturated. 
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